Theorems due to Nehari and Ahlfors give sufficient conditions for the univalence of an analytic function in relation to the growth of its Schwarzian derivative. Nehari's theorem is for the unit disc and was generalized by Ahifors to any simply-connected domain bounded by a quasiconformal circle. In both cases the growth is measured in terms of the hyperbolic metric of the domain. In this paper we prove a corresponding theorem for finitely-connected domains bounded by points and quasiconformal circles. Metrics other than the hyperbolic metric are also considered and similar results are obtained.
The necessary condition seems to have first appeared in [9] and is shown to be sharp by taking f to be the Koebe function. E. Hille [8] observed that 2 is the best possible constant in (3) . Much later L. Ahlfors and G. Weill [2] proved that if the number 2 is replaced by 2k, k < 1, in (3) then the function has a quasiconformal extension to the entire plane. Then in 1963 Ahlfors [1] obtained a significant generalization of these results to a broad class of simply-connected domains. Before stating this theorem it is necessary to recall several definitions. 
Ahlfors' theorem can now be stated. THEOREM 
If aD is a K-quasiconformal circle then there is a positive constant a, depending only on K, such that f is univalent in D and has a quasiconformal extension
to C whenever f is analytic in D with ISf IID < a.
Note that if II Sf II D is bounded then f is locally univalent in D and hence Sf as defined in (1) has an analytic extension to any possible poles of f and to oo if oo E D.
If D is an arbitrary domain in C of hyperbolic type then we can take the unit disc to be its universal covering surface. If p: B -i D is any analytic projection then the density of the hyperbolic metric in D is defined by PD(P(z))IP'(Z)I = PB(Z), z E D.
Once again this is independent of the choice of p. The hyperbolic norm of an analytic function in D is defined just as in (4) .
Our main result is as follows. THEOREM 
Suppose that D is a finitely-connected domain and that each component of aD is either a point or a quasiconformal circle. Then there is a positive constant a, depending only on D, such that f is univalent in D whenever f is analytic in D with IISfIID < a.
The proof of Theorem 3 proceeds by decomposing D into simply-connected subdomains in a way that makes it possible to apply Theorem 2. Such decompositions are discussed in ?2 where a proof of Theorem 3 will be given. The proof depends on a lemma which will be proved in ?3. In ?4 we discuss some related results concerning metrics other than the hyperbolic metric and also consider the question of quasiconformal extension. ?5 is devoted to constructing an example of an infinitely-connected domain for which the conclusion of Theorem 3 is valid.
Quasiconformally decomposable domains.
In order to apply Theorem 2 to prove Theorem 3 we shall show that any two points in a domain D satisfying the hypotheses Theorem 3 can be placed in a simply-connected subdomain of D bounded by a quasiconformal circle. To this end we introduce the following definition.
We say that a collection 6D of domains A c D is a K-quasiconformal decomposition of D if each A E 6D is bounded by a K-quasiconformal circle and if any two points z1, Z2 E D lie in the closure of some A E 6D. We shall refer to this second condition as the covering property of 6D. We say that D is quasiconformally decomposable if it has a K-quasiconformal decomposition for some finite K. A domain may have many different quasiconformal decompositions with different constants K and the minimum such constant will depend on the domain.
Certainly any simply-connected domain bounded by a K-quasiconformal circle is K-quasiconformally decomposable. A more general converse also holds and will be proved in ?4.
The following lemma is an immediate consequence of the definition. LEMMA 
If D has a K,-quasiconformal decomposition 6D and if f is a K2-quasiconformal mapping of C then f(D) has a K,K2-quasiconformal decomposition 6D'= {f(A): A E 6D}.
We now state the key lemma used for the proof of Theorem 3.
LEMMA 2. If D is a finitely-connected domain and each component of aD is either a point or a quasiconformal circle, then D is quasiconformally decomposable.
The proof of this lemma will be given in ?3 where an explicit decomposition will be constructed. Lemma 1 will be used to reduce the problem to constructing a decomposition of a circle domain.
Assuming Lemma 2, the only other fact we require to prove Theorem 3 is a monotonicity property of the hyperbolic norm.
If D' c D and p is analytic in D then
||T||D' < ||(P|D-
This follows from the well-known property of the hyperbolic density; if D' C D then PD < PDD* PROOF OF THEOREM 3. By Lemma 2 D is quasiconformally decomposable and we suppose that 6D is a K-quasiconformal decomposition where K < oo depends on D. Let z1, z2 be any two distinct points in D. Then there is a A E 6D with z1, z2 E A. Now by Theorem 2 there is a positive constant a = a(K) such that II?Sfli < a implies that f IA is univalent and has a quasiconformal extension to C. In particular we see that f is actually univalent in A n D and this covers the situation when either or both of z1, z2 lie on Ma.
Therefore if we choose a in this way and suppose that 1 Sf II D < a then from (5) it follows thatf(z1) # f(z2) and hence f is univalent in D.
It is possible to consider other metrics on D for which the associated norm is monotonic with respect to the domain and for which Theorem 2 holds. Thus the property of quasiconformal decomposability and the above argument will yield univalence criteria in these cases as well. Such alternate formulations of Theorem 3 will be considered in ?4. Also in ?4 we shall show how the constant a can be chosen so as to imply thatf has a quasiconformal extension to C.
3. Proof of Lemma 2. The proof will be given in several stages, but the basic idea is this. By joining the boundary components of D in a specified manner we can write D as the union of simply-connected subdomains bounded by quasiconformal circles. The required decomposition will then be obtained by taking various unions of these subdomains. Ultimately we shall reduce the construction to the case where the joining is done by piecewise analytic arcs. We therefore begin this section with the following lemma.
LEMMA 3. If C is a Jordan curve consisting of finitely many analytic arcs meeting at pairwise nonzero angles, then C is a quasiconformal circle.
We omit the proof; see [12, pp. 97-105]. As a first step in the proof of Lemma 2 we show that isolated points are, in a sense, removable for quasiconformally decomposable domains. This will allow us to concentrate only on the case of nondegenerate boundary components. LEMMA 
If D is a K-quasiconformally decomposable domain and if E is a set of n points in D, then D\E is KI-quasiconformally decomposable where Kn depends only on K and n.

PROOF. We prove this by induction on n. First suppose that E consists of the single point D and set D' = D\{ '
D}. Let 6D be a K-quasiconformal decomposition of D. We construct a quasiconformal decomposition 6D' of D' from the sets in 6jD in the following manner.
By definition there is at least one A E 6D with D E? A. Define 6D0 = {A E 6D: aAE .
If %DO = 6D then we can take 6D' = 6D = 6DO, and hence D' is also K-quasiconformally decomposable. Thus each B1 is two thirds of the punctured disc.
If this is not the case then there is a A E 6D with
It is easy to see that { B1, B2, B3) is a quasiconformal decomposition of B'.
Indeed if zI, z2 E B' then they are at most diametrically opposite and so both z, and z2 lie in the closure of at least one of the Bj. Furthermore by Lemma 3, aB, is a quasiconformal circle. We shall show in ?5 that actually K(aB1) < 8/3. We now construct a quasiconformal decomposition of D when aD consists of a finite number of quasiconformal circles. By the preceding lemma this will be sufficient to include the case when aD also contains a finite number of point components. In order to reduce the problem to a simpler situation we employ a result due to G. Springer [14] . LEMMA 
Now using Lemma 1 we see that the set { g(Bj
Suppose that D and D' are two domains of the same finite connectivity and that the boundary components of each are quasiconformal circles. Then any quasiconformal mapping of D onto D' extends to a quasiconforwal mapping of C.
If we now map D conformally onto a circle domain D', i.e., a domain all of whose boundary components are circles in the finite plane, then by Lemmas 1 and 5 it is sufficient to construct a quasiconformal decomposition of D'. We therefore suppose that D itself is a finitely-connected circle domain.
First consider the case when D is a circular ring domain, which we may further assume to be the annulus D = {z: 1 <IzI<R}.
The construction of the quasiconformal decomposition of D is virtually the same as that of B\{O} in the proof of Lemma 4. We define DI = {z E D: 0 < arg(z) < 4v/3}, D2 = e( 2i/3)D1, D3 =e (4/i)D-
From Lemma 3 we have that aDD is a quasiconformal circle and if zl, Z2 E D then both points lie in the closure of at least one of the Dj just as before. Now let D be a circle domain with boundary circles CO, ..., Cn_, n > 3. To construct a quasiconformal decomposition in this final case we map D conformally onto another canonical domain. Let w = I(z) = I(z; u, v) be a conformal mapping of D onto the domain D' consisting of the entire plane minus n rectilinear slits lying on rays from the origin. The radial slit mapping ' has I(u) = 0, I(v) = oo and is determined up to a multiplicative constant. Regarding boundary behavior, '
has an analytic extension to D and the two points on Cj that correspond to the endpoints of (Q) divide Cj into two arcs each of which is mapped in a one-to-one fashion onto the slit. Thus we see that the preimage of a line segment meeting a slit I(Cj) will be an analytic arc forming a nonzero angle where it meets the circle Cj. This is certainly clear at the interior points of the slit and at the endpoints we shall only be concerned with a segment lying on the ray containing '(Cj) where again the conclusion is immediate.
The idea is to join the slits cyclically and then join the endpoints farthest from the origin to oo along the rays. This will partition D' into simply-connected subdomains, the preimages of which will form part of the quasiconformal decomposition of D. To carry this out we require the following lemma. LEMMA 
For each v E D it is possible to choose u E D so that no two slits lie on the same ray in the image of D under I(z; u, v).
PROOF. We shall actually show slightly more, namely that the set of points u E D for which the assertion is false is nowhere dense in D. This will follow from several important identities in [5] . We use the same notation appearing there and indicate only what is needed in our situation. 
and so for simply-connected domains we have the double inequality IkPID IkII~?1611Ipll*~ (8) 11jZP||D < JI11 ( D -<-1| |D 8 Lower bounds for PD in terms of the distance to aD in the case when D is multiply-connected have been recently obtained in [4] . Once again the quasihyperbolic norm is monotonic;
PO*D < POID (9) whenever D' c D and (p is analytic in D.
Because of (8) and (9), Theorem 3 continues to hold for the quasihyperbolic norm. THEOREM 
Suppose that D is a finitely-connected proper subdomain of C and that each component of
GAD ) = sup{ a: II SfIID D a implies that f is univalent in D).
When D c C the constants al(D) and aI*(D) are defined the same way using the quasihyperbolic norm. From now on whenever the quasihyperbolic norm is involved we shall assume without further comment that oo does not lie in D.
As 
Finally we remark that from (6) it follows that alj(D) < a1(D) and aI*(D) < G2(D). Hence Theorem 4 is slightly stronger than Theorem 3.
The constants G2 and a* are related to an important topological property of a domain [6] .
A set E in C is said to be b-locally connected, b E (1, oo) , if for all zo and r > 0,
points in E n B(zo, r) can be joined in E n B(zo, br) and points in E\B(zo, r) can be joined in E\B(zo, r/b). Here B(zo, r) denotes the disc with center zo and radius r. Two points zl, Z2 E E are joined in E if there is an arc C c E having z1 and Z2 as endpoints.
The importance of this concept for plane domains lies in the following lemma, proved in [6] .
LEMMA 7. If D is b-locally connected then each component of aD is either a point or a K-quasiconformal circle where K depends only on b.
The connections with the domain constants are these. /2(D) + 1, 3) .
LEMMA 8 [6]. If Ga'(D) > 0 then D is b-locally connected with b > max(5/a*(D) + 1, 3).
LEMMA 9 [3]. If G2(D) > 0 then D is b-locally connected with b > max(20v<
These results allow us to deduce the following characterization. 
We can now prove an extension theorem associated with a2 and a2*. 5. An example. In this section we give an example of an infinitely-connected domain for which both a2 and a* are positive. As in the previous discussion this will be shown by constructing an explicit quasiconformal decomposition. In this case there will be an infinite number of elements in the decomposition and their boundary curves will consist of an infinite number of arcs, but by employing an auxiliary quasiconformal mapping we can reduce the problem of estimating the dilatations to an appeal to Lemma 3. We begin this section by constructing this mapping and as a corollary we shall obtain the estimate in Lemma 4.
Let C = C(a) be the circle that intersects the unit circle aB at the points ? 1 at an angle a, 0 < a < T/2, and extends above the unit circle. We refer to C as a protecting a-circle. Let E be the union of B and the disc bounded by C and let Bdenote the lower half of B. For applications of a similar type of folding in three dimensions see [7] .
We now construct the example. Let { Bn} be a sequence of discs with Bn C B,
with disjoint closures and with hyperbolic centers {xn}, n = 0, 1, 2, . . . on the real axis. For definiteness we assume that 0 = xo < xl < . We further assume that the discs are chosen to have the same finite hyperbolic area and so that the hyperbolic distance between any two adjacent discs is a constant X > 0. For (43) where Tn is the Mobius transformation of the unit disc onto itself that fixes ? 1 and maps 0 to xn. Therefore the dilatations of their boundary curves are all the same and we need only show that aAo is a quasiconformal circle. As it stands now Lemma 3 is not applicable since aD-and a0o consist of an infinite number of circular arcs and line segments, although they do meet at right angles by construction. However, the folding mapping of Lemma 10 will enable us to flatten the semicircles arising from the Bn while leaving the rest of the boundary unchanged. This is so precisely because the folding was constructed to be the identity outside the disc and its protecting circle, a fact that will also allow us to fold all of the discs simultaneously.
It is necessary to provide each Bn with a protecting a-circle that passes through the vertices of Bn on the real axis, extends above Bn and lies inside B. Furthermore we wish to choose a single a0 so that adjacent ao-circles are at most tangent. Since the ao-circle on Bn can be obtained from the one on Bo by applying Tn, this will be the case if this ao-circle extends no farther to the right (and left) than the hyperbolic midpoint of 8o (,Bl-) and no farther above Bo than the point i on the imaginary axis. A simple calculation shows that a0 > 0 must be chosen so as to satisfy respectively sec ao0 tanh(r+ /2) sec a0 + tan a0 < (tanh r)', where r is the hyperbolic radius of Bo, We combine these and choose a0 > 0 so that tanh(r + X/2) sec a0 + tan a0 tanh r Let En be the union of Bn and the disc bounded by its protecting ao-circle and let Fn be the associated folding of Bn onto its lower half. We define a mapping We remark that by using several more foldings it is possible to give an estimate for K(aAo) but because the calculations are somewhat more involved we do not give them here. We also note that by using the same techniques it is possible to give a slightly more general example. Namely, we require that the discs B,, still centered on the real axis, are chosen so as to satisfy the following geometric condition. Let R,, be the ring domain bounded by aB and aB,, and for m # n let R,,, be the ring domain in C bounded by aBm and aB,. We assume that there is a 
